We point out that two of Milne's fourth-order integrators are well-suited to bit-reversible simulations. The fourth-order method improves on the accuracy of Levesque and Verlet's algorithm and simplifies the definition of the velocity v and energy e = (q 2 + v 2 )/2 . ( We use this onedimensional oscillator problem as an illustration throughout this paper ). Milne's integrator is particularly useful for the analysis of Lyapunov ( exponential ) instability in dynamical systems, including manybody molecular dynamics. We include the details necessary to the implementation of Milne's Algorithms.
"Verlet's algorithm" appears on page 140 of Reference 1. If the righthand side of this finitedifference algorithm is truncated to an integer the resulting acceleration is precisely the same ( to the very last computational "bit" ) in either direction of time. Because this algorithm conserves phase volume when written in a "symplectic" centered-difference form :
there is no tendency for energy drift. The errors in the velocity and energy in the leapfrog algorithm are unnecessarily large, so that two of Milne's algorithms ( both of them also on page 140 of Reference 1 ) can provide better accuracy for longer runs : 6 . Levesque and Verlet's integer algorithm has proved to be a useful tool in these studies despite its relatively coarse description of particle trajectories.
Integer algorithms are also useful in studies of the effects of finite precision ( single, double, quadruple, ... ) on phase-space distributions generated by flows and maps 7, 8 . Mauricio
Romero-Bastida 9 suggested the use of the integer-based leapfrog algorithm for generating a reversible reference trajectory of arbitrary length in his studies of the "covariant" Lyapunov exponents. In 2013 we were able to see a qualitative difference between the "important particles" ( those making above-average contributions to the Lyapunov instability ) forward and backward in time in the example inelastic-collision problem of Figure 1 10 . Continuing progress in low-cost computation caused us to revisit these problems in connection with a lecture course delivered at Kharagpur's Indian Institute of Technology in December 2016 11 .
We were very pleased to find that Milne's work offers an improvement in the precision and accuracy of these Lyapunov studies and believe that others will find this approach useful to their own work. Although these improvements are not at all "new" we do expect that this work will accelerate progress in understanding the time-reversible simulation of irreversible processes. 
III. NUMERICAL IMPLEMENTATION OF MILNE'S ALGORITHMS
To illustrate the application of Milne's Algorithms we consider an integer version of the simpler of his two fourth-order algorithms. We describe a harmonic oscillator withq = −q .
The preliminaries, which we give below, provide integer forms for five previous coordinates and the corresponding contributions to the acceleration, all of them multiplied by 10 15 . We select an example timestep of (π/50) in the Fortran instructions so that an oscillator period corresponds to one hundred timesteps.
We carried out two kinds of tests for the Milne integrator, reversibility, confirming that problem, where precise reversibility has to be abandoned ( because roundoff error will spoil it ). These results establish that the Milne algorithm is both reversible and stable for the oscillator. We recommend it to our colleagues for their use.
The implementation of the algorithm is to some extent hardware dependent. On our various Mac computers using the free gnu compiler we had no trouble using 16-byte integers, 
